Abstract. We examine linear inequalities satisfied by the flag f -vectors of polytopes. One source of these inequalities is the toric g-vector; convolutions of its entries are nonnegative for rational polytopes. We prove a conjecture of Meisinger about a redundancy in these inequalities. Another source of inequalities is the cd-index; among all d-polytopes, each cd-index coefficient is minimized on the d-simplex. We show that not all of the cdindex inequalities are implied by the toric g-vector inequalities, and that not all of the toric g-vector inequalities are implied by the cd-index inequalities. Finally, we show that some inequalities from convolutions of cd-index coefficients are implied by other cd-index inequalities.
Introduction
A polytope Q is the convex hull of a finite set of points in Euclidean space. It is ddimensional, or a d-polytope, if its affine span is R d . Its boundary is a collection of lower-dimensional polytopes known as the faces of Q. Let f i (Q) be the number of ifaces of Q. We call ( f 0 
In higher dimensions the situation is not as well understood. One source of linear inequalities is the toric g-vector introduced by Stanley [18] . This vector and the related toric h-vector depend only on the flag f -vector of the polytope, and can be defined recursively via two polynomials: 
Definition 1. Let h(Q, x) =
setting h −1 = 0. The coefficients of these polynomials are the entries of the toric h-and g-vectors.
The h i 's and g i 's are are all linear combinations of entries of the flag f -vector. Notice that h 0 = g 0 = 1. As a consequence of the generalized Dehn-Sommerville equations we have Theorem 3 [17] .
If Q is a polytope (or, more generally, an Eulerian poset), then h i (Q) = h d−i (Q). (4)
If Q is a rational polytope, h i (Q) is the rank of the (2d − 2i)th intersection homology group of the toric variety associated with Q. This interpretation of h i allowed Stanley to prove the following:
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It is conjectured that g i ≥ 0 for all polytopes, not just rational ones. This has been proven in the cases i = 1 (
≥ 0 by a rigidity argument due to Kalai [13] ), but remains an open question for i ≥ 3. See Appendix B of [15] for a list of the g
We can use Kalai's convolution operation to combine the g i 's to create more linear inequalities [14] . Given f m S and f n T , define their convolution to be f
where Q/F is the quotient of Q by the face F (see [21] for a discussion of quotient polytopes). Note the convolution is just f m+n+1 S∪{m}∪(T +m+1) , where T +m+1 = {i +m+1|i ∈ T }. Now extend this to linear forms
Although f ∅ is 1 for any polytope, it is useful to think of it as a linear form in its own right. This convention allows us to convolve linear forms involving constants. For example, g Every polytope Q has a dual polytope Q * ; see [21] for a geometric construction. There is a bijection between the i-faces of Q and the
. Thus a linear form M has a dual form M where M(Q) is defined to be M(Q * ). In particular, the g i 's are also non-negative for all rational polytopes. This paper examines the relationships among the currently known flag f -vector inequalities. In Section 2 we show that some of the toric g inequalities are implied by other toric g inequalities. In Section 3 we discuss the cd-index and show that some inequalities derived from the cd-index are not implied by the toric g inequalities. In Section 4 we show that the toric g inequalities are not all implied by the cd-index inequalities, and in Section 5 we show that the convolution of some cd-index inequalities yields inequalities implied by other cd-index inequalities.
Redundancy of Some Inequalities From the Toric g-Vector
By convolving the g i 's and g i 's we can generate many linear inequalities satisfied by flag f -vectors of rational polytopes. Are any of these inequalities implied by the others? Meisinger [15] showed that g since a polygon has equal numbers of vertices and edges. He also proved that if a linear form is redundant, then every convolution containing that form is redundant.
Kalai (unpublished) and Bayer and Klapper [4] 
Bayer and Ehrenborg [3] showed that these are the only redundancies within the set {g [15] conjectured that there are two additional redundancies involving convolutions. We prove this conjecture in the form of
The second equation is the dual of the first, so it is enough to prove (7). We prove it by showing this equation holds for a basis of (2i + 1)-polytopes, and therefore for all (2i + 1)-polytopes. In [1] Bayer and Billera described a basis created by successive application of two operations: pyramid, denoted P, and bipyramid, denoted B. Let Q be a d-polytope contained in H , a hyperplane in R d+1 . The pyramid over Q is the convex hull of Q and a point not in H . The bipyramid over Q is the convex hull of Q and a line segment that intersects the interior of Q and has one endpoint on each side of H . The choices of point and line segment affect the geometry of the pyramid and bipyramid, but do not change their combinatorial types.
A word in B and P represents the polytope given by applying these operations from right to left, where the rightmost P stands for the initial point (or pyramid over the empty polytope). For example, PP = BP is a line segment, PPP is a triangle, BPP is a square, and PBPP is a pyramid over a square. Words of length 2i + 2 with no two adjacent B's and ending in PP are a basis of (2i + 1) polytopes.
Before we begin, we need three lemmas. Kalai notes that g(P Q, x) = g(Q, x) [14, Remark 3] , where Q is any polytope. So we have
has degree at most j − 1, so the coefficient of x j in g(P Q) must be 0. This gives us
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In the case j = 0, g 0 0 = 1. Because Lemma 2 does not apply, we consider the cases j = 0 and i − j = 0 separately when we look at the right-hand side of (7).
We will frequently encounter polytopes of the form (P Q)/F and (BQ)/F, where F is a face of Q. The proof of the following lemma is straightforward.
Lemma 3. If F is a face of Q, then (PQ)/F = P(Q/F) and (BQ)/F = B(Q/F).
Because of these equalities, we often omit the parentheses and write PQ/F and BQ/F.
Proof of Theorem 5. Our proof is by induction on i. As we saw at the beginning of Section 2, g 0 0 * g 0 0 = 2g 1 0 , so the theorem holds for the base case i = 0. Suppose the conjecture is true for all (2k + 1)-polytopes, k < i. Consider the basis of (2i + 1)-polytopes. Each word begins with either P or B P; we consider these two cases separately.
Case 1: PQ. Suppose the polytope is of the form PQ, where Q is a (2i)-polytope. On the left-hand side of (7) we have
Now consider the right-hand side of (7) in the case j = 0, i,
by Lemmas 3 and 2.
Suppose j = i. The facets of PQ are Q itself and pyramids over facets of Q, so
again by Lemma 2. So the j = i term contributes (i + 1)g 2i i (Q) to the right-hand side of (7) . Now consider the case j = 0. The vertices of PQ are the vertex added in taking the pyramid over Q and the vertices of Q itself. Thus
again by Lemma 2. So the right-hand side of (7) is (i + 2)g 2i i (Q), as desired, and the theorem holds for polytopes of the form PQ.
Case 2: BPQ. Now consider polytopes of the form BPQ, where Q is a (2i − 1)-polytope. To show that the conjecture holds for them, we will need a pair of lemmas. Given that h(B X, x) = (1 + x)h(X ) [14, Remark 3] , their proofs are straightforward. 
Lemma 5. For i ≥ 1,
and in particular g
Proof of Case 2. Consider the left-hand side of (7). By Lemmas 4, 2, and 1,
so we are set up for induction.
Consider the right-hand side of (7) for j = 0, i. Omitting the factor of ( j + 1) we have
We get (18) by noting that each 2 j-face of BPQ is either a 2 j-face of PQ or a pyramid over a (2 j −1)-face of PQ, and the second set of faces contributes 0 to the sum. Similarly, expression (19) comes from noting that each face of PQ is either a 2 j-face of Q or a pyramid over a (2 j − 1)-face of Q, and the second set of faces contributes 0 to the sum. Expression (20) follows from Lemmas 5 and 1. So each j = 0, i contributes
by Lemma 2 since every facet of BPQ is a pyramid over a facet of PQ.
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When j = 0,
We get (23) by considering first the two vertices added in bipyramiding over PQ and then the vertices of PQ itself. By Lemma 2 the first term is 0. We get the first term of (24) from the vertex V of PQ added in pyramiding over Q; note PQ/V = Q in this case. The second term comes from the remaining vertices of PQ, which are just vertices of Q. Expression (25) follows from Lemmas 5 and 1.
Putting this all together, we see that the right-hand side of (7) is
by induction. We also have that the left-hand side of (7) is (i + 2)g
(Q). So the theorem holds for polytopes of the form B P Q.
The theorem holds for all (2i + 1)-polytopes in the basis, and therefore it is true for all (2i + 1)-polytopes.
We note that this result makes sense in light of a theorem of Braden and MacPherson [8] . They introduced the relative g-polynomial g(Q, F) as a generalization of the toric g-vector. Here we follow their notation and let g(Q) = g(Q, x). Definition 2. The family of polynomials g(Q,F) associated to a polytope Q and a face F of Q is defined inductively by the following relation: for all Q, F we have
Note the induction begins with Q = F, giving g(F, F) = g(F). In general the left-hand side gives g(Q, F) · 1 plus terms involving g(E, F) with dim(E) < dim(Q).
Theorem 6 [8] . Consider this equality in the case dim(Q) = 2i + 1 and F = ∅. When F = ∅, we have g(Q) on the right-hand side, and when F = Q, we have g(Q), and both of these polynomials have degree at most i. Similarly, if dim(F ) = 2 j, the F term has degree at most i. However, if dim(F ) = 2 j + 1, j = −1, i, the F term has degree at most i − 1. So g(Q, ∅) has degree at most i. Recall that g
However, we also have Theorem 7 [19] . For any polytope Q = ∅,
This gives us g(Q, ∅) = 0 . Thus (30) becomes
which is just the sum of (7) and (8) divided by (i + 2).
Some cd-Index Inequalities That Are Not Implied by Toric g-Vector Inequalities
We have seen that convolutions of g d i 's and g d i 's are non-negative for rational polytopes. Kalai [14] conjectured that all non-negative forms arise in this way, but Meisinger [15] gave a counterexample. He showed that f 6 2 − 35 ≥ 0, which holds for all 6-polytopes, is not implied by the non-negativity of the g convolutions. He further conjectured Conjecture 1 [15] .
are not a non-negative combination of convolutions of the linear forms g k i and g
We will prove this conjecture and show that the non-negativity of these forms is actually implied by inequalities derived from the cd-index. This means that these cdindex inequalities are not implied by the non-negativity of the g convolutions.
The cd-index is another way to encode the information in the flag f -vector. It was introduced by Fine and developed by Bayer and Klapper [4] . To define it, we first need 
where the sum is over all p-tuples
For further discussion of the flag k-vector, see [9] .
This is clear because n p+1 is not involved in the expression for [w] in terms of the flag k-vector. So, for example, we have [
Proof. In the flag k-vector expression for [dw], n 1 = 0, so i 1 = 0. Then each 
Notice that f d+2 T ∪{d+1} is not part of the sparse basis, so to write [wd] in terms of that basis we need to apply the generalized Dehn-Sommerville equations.
Stanley [20] showed that if w has weight d, then [w] is non-negative for all dpolytopes. Furthermore,
So the cd-index gives us more linear inequalities for flag f -vectors. From Lemma 6, Corollary 1, and the Euler-Poincaré relation, we can see that
Therefore we have 
If j ∈ {0, 1, d −2, d −1}, then this inequality can be expressed as a non-negative linear combination of g-convolutions:
We prove the following theorem and in the process prove Meisinger's conjecture.
is not implied by the non-negativity of the g convolutions.
In his proof of the case d = 6, j = 2 of his conjecture, Meisinger introduced the point 
and in particular
Proof. Every face of P Q is either a face of Q or the pyramid over a face of Q. If a face F l ⊂ P Q is the pyramid over F l ⊂ Q and
We use Lemma 8 to define Pyr(X ), the flag f -vector of the "pyramid" over any vector X of length a d − 1.
Proof. Our proof follows the same outline as the proof of Theorem 11. We work by induction on d.
Our base case is dimension d = 3. The cd inequalities are ≥ 0. Ehrenborg and Readdy [11] studied the effect of pyramiding on the cd-index of a polytope and found Theorem 13 [11] . Let Q be a (d − 1)-polytope. Then 
which is negative by the induction hypothesis.
Convolutions of cd-Index Inequalities
It is natural to ask if convolutions of cd coefficients might generate more inequalities whose non-negativity is not implied by previously known inequalities. We will show that convolutions of cd coefficients can be written as non-negative linear combinations of other cd coefficients. This means that convolutions of inequalities of the form [ 
[wc]
Proof. We begin with the base cases: This means that the coefficients of the cd-index form an algebra; in fact, they generate the algebra defined by Billera and Liu in [7] .
Reading [16, Proposition 21 ] also proved (48) using a change of basis argument. Ehrenborg [10] suggested that all of Theorem 14 could be proved using coproducts. Let δ w (Q) = [w](Q) if weight (w) = dim(Q) and 0 otherwise. Then we can write [wd] * [dx](Q) = ∅⊂F⊂Q δ wd (F)δ dx (Q/F) and similar statements for the remaining three cases. Ehrenborg and Readdy [11] showed that the cd-index is a Newtonian coalgebra map, and this plus some straightforward calculations will also prove Theorem 14.
